
SERIES ASSOCIATED WITH CERTAIN IRREGULAR
THIRD-ORDER BOUNDARY VALUE PROBLEMS*

BY

LEWIS E. WARD

1. Introduction.   In a previous paperf the writer discussed the charac-

teristic functions of the differential system

u'" + p3u = 0,  u(t) = u(— co27t) = u(— u3ir) = 0,

where w2 = eTi/3 and w3 = e~Ti/3, and showed that these characteristic functions

fall naturally into three classes, denoted by uik(x), u2k(x), and u3k(x). It

was proved that if f(x) is a function which can be written in the form

(bx(x3) +x<t>2(x3) +x2cb3(xs), where each <f> represents a convergent power series

in x3 and is such that <px, <j>2, and <¡>3 have continuous second, third, and fourth

derivatives respectively in the interval 0^x^ir,î then/(x) can be expanded

in a series of these characteristic functions

00

(1) 52[axkUxk(x) + a2ku2k(x) + a3ku3k(x)],
fc-i

the series converging uniformly to f(x) in the interior and on the boundary

of some equilateral triangle 7\ centered at x = 0, having one vertex on the

segment from 0 to ir, and lying inside the smallest of the circles of convergence

of the power series for the </>'s.

The purposes of this paper are to consider the uniqueness of this expan-

sion, to extend the region of uniform convergence, to consider the differ-

entiation and the integration of the series, to prove certain relations involving

the coefficients, and to show how the coefficients may be obtained by

rendering stationary certain integrals.

2. Uniqueness of the expansion.  The coefficients in the expansion  (1),

* Various parts of this paper were presented to the Society on April 7, 1928, March 29, 1929,

and August 29, 1929; the paper was received by the editors October 23, 1929.

f Some third-order irregular boundary value problems, these Transactions, vol. 29 (1927), pp. 716—

745.
X Ward, loc. cit., Theorem 1, p. 742. The continuity of the second derivatives only of fa and fa

is sufficient in the present case. The continuity of the higher derivatives was demanded in the the-

orem referred to because that theorem is based on Theorem 2, p. 730 of the same paper, in the proof

of which this continuity was ustful in connection with the formal relations between the <¡>'s of the

latter theorem. There need be no formal relations between the #'s of Theorem 1, p. 742, nor between

the <t>'s of the present paper.
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called the formal coefficients, are obtained from certain orthogonality re-

lations, as is customary in expansion problems associated with differential

systems.  Explicit formulas for them are

1 fx
(2) aik = ——-       x*~1*i(.t»)i,[pi4(T - x)]dx     (i = 1,2,3)

T0,_i(pi/iir) J o

where

&i(t) = e*1 + (- wj)»'-1^' + (- ü>2)'-V*<, wi = - 1, and 5,(0 = 8j+3(t). *

The uik(x) of the introduction are given by uik(x) = 8i(pikx).

It was shown in the paper referred to that each of the expansions

oo

(3) X>¿*«.*(aO = ac*-1^*8) (i = 1,2,3)
fc=i

is valid in 7\.  Hence, taking three special cases,

00 00 00

(4) 1 =  YA)ikuik(x),      x =   2^b2ku2k(x),       x2 =   2~2b3kuu(x).
*-i *=i k-i

It is easily shown by straightforward computation that no one of the ¿'s is

zero, and that the triangle of uniform convergence T2 of each of these series

can have one vertex anywhere we choose to place it on the interval 0<x < x.|

Since the terms of each of series (3) are analytic functions, the series may

be differentiated term by term as many times as we like. Differentiating

three times and making use of the fact that u'ik'= —p\kuik(x), we obtain

oo

(5) 0=   2Zbikp\kUik(x) (¿=1,2,3).
k=l

Each of these series converges uniformly in and on T2. Adding series (5) for

i = \, 2, and 3 to series (1) produces a series

oo

S [cikUik(x) + c2ku2k(x) + C3kUzk(x)]

*=-i

which converges uniformly to /(ac) in and on the smaller of 7\ and T2, and

has coefficients different from the formal coefficients.

Instead of expanding 1, ac, and ac2, as in (4), we may expand pi(x3),

xp2(xz), and ac2^>3(ac3), where the ^'s are polynomials in ac3, and, by differ-

* See p. 720 of my former paper, already referred to, for other formulas for the S functions and

p. 741 for the pa.
t We shall use the notation Ti to represent equilateral triangles centered at x — Q and having

one vertex on the positive axis of reals.
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entiating these the requisite number of times, obtain series converging uni-

formly to zero in and on T2. Adding these series to (1) produces still other

series of the type (1) converging uniformly to f(x) in and on the smaller of

Tx and T2 but having coefficients different from the formal coefficients.

It appears from the above that the expansion (1) is by no means unique,

there being infinitely many expansions of this type, all converging uniformly

to f(x) in a common triangle, which, in case the singularities of f(x) are all

more distant from the origin than x, has one vertex as close to x as we care

to place it. It is of interest to note the difference between this situation and

that which obtains with power series, in which the coefficients are unique

however small the circle of convergence, and with Fourier series, in which

the coefficients are unique if the series is made to converge to the given func-

tion over the interval (0, 2x) except possibly at a finite number of points.

Of course, if the expansion (1) converges uniformly to f(x) in the interval

0 ^ x ^ x, the coefficients are unique.

3. Extension of triangle of uniform convergence. Let us suppose that

one at least of the power series for the </>'s fails to converge for x = a and that

all three series converge for |x|<|a|. Laying aside for the moment the

cases in which \a | ^ x, let us suppose \a | < x. Construct the circle \x | = \a\,

and let x = b be the point where this circle cuts the axis of reals, 0<¿><x.

Let Tb be the equilateral triangle with one-vertex at x = b. Then it is known

that series (3) converge uniformly to the respective functions standing on

the right-hand sides of equations (3) in and on the boundary of every closed

region interior to Tb* Let Ta be the equilateral triangle with one side

through x = a, and Tr the equilateral triangle with one vertex at x.

Theorem I. The formal series ^l^aikUi^x) converges uniformly to

xi_1</)<(a;3) in and on the boundary of every closed region interior to the smaller

of Ta and Tw.

Let z be that vertex of Ta which is on the positive axis of reals if that

vertex lies to the left of x, otherwise let z = x. Choose y on this axis, 0<y <z.

We shall establish uniform convergence in the interval 0^x^a<y, from

which the theorem follows immediately, f

We examine the magnitudes of the coefficients «a.  We have

J     *i-1*.(**)i«[p«(ir - *)]<** =    J    + J       xi-^x^S^pi^T - x)]dx.

But

* Ward, loc. cit., Theorem I, p. 742.

f Ward, lbc. cit., Theorem II, p. 742.
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J     xi-Wx^iilpikfr - ac)]dac    < 3Mi \ «"•**<*-») \
I J y

where Mi = max |aci_1</>i(ac3) | on the interval 0 = ací£ x.  Also

I    ac<_1<i><(a;3)53[pi*(T - ac)]da;
J o

= e""«T       aci_Vt(*8) c~"",<*ld* - wü «"•*** I    aci-V<(*8)e~"",'*I¿*
•^ 0 "O

- u,^»'       ac'-^iíac3) e—»u"dx
Jo

n y p -a,y

= e"""T I    ací-^iíac3) e'^dac + (-o}3y+2e°"'ikT J        x'-^x^e'^'dx
Jo Jo

/I —M,y

*<-Vi(*,)«"Má*
0

/»-I//2 /•»

= 5.<P<*t)I        ac'-Vii*') «"'**<** + «"""■** I      ac<-ty,(ac3)e'»*a!da;
•/o J-vil

xi-^x^e'^dx

X-u,y
xt-^tix') e»***dx.

-K/2

These changes in the paths of integration, which are all taken as straight

lines, can be made since the integrands are analytic functions of ac inside of Ta.

Now 5j(pi47r)=0.* The changes in the integral were made so that this

fact could be used in showing that certain large portions of the integral

cancel one another. Each of the three integrals whose lower limits are — y/2

is sufficiently small to enable us to draw the desired conclusions about the

coefficients. In fact, at no point of the paths of integration does the ex-

ponential factor take on an absolute value greater than its absolute value

at the upper limit.  Hence

/—"iV

aci-10¡(*')eprtx¿a

-y/2

< 3«-Af 21 e-"*"**» | /2,

where M2 = max |aci_10¿(ac3) | in and on the equilateral triangle centered at

x = 0 and having one vertex at the point x=y.  Hence

* Ward, loc. cit., p. 741.
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Í     *i-10i(x,)««[pi*(» - x)]dx < Mir I e"3P.-*(T-ï)

where M has an obvious constant value.

Since

|5,(pux)| > A | «"»«*'| if *?*/*,

where A is independent of A, we have

| aal < M le-"»'"» l/A.

If now x is restricted to the interval 0^x^a<y, we shall have

I aik8i(pikx) | < 3M | e-w«*(«-») |/A

g 3if | e"»p«(<»-») I/Ä (i = 1,2,3).

This last expression, however, is the general term of a convergent series of

positive constants. Consequently the series mentioned in the theorem con-

verges to a function of x analytic at every point interior to the smaller of

Ta and TT. But it is known to converge to x,_1^>¿(x3) at every point interior

to Tb. Hence, in view of the fact that x^^^x3) is analytic at every interior

point of Ta, the series converges uniformly to this function in and on the

boundary of every closed region entirely within the smaller of Ta and TT.

If |a| =x, the triangle Tb coincides with Tr, and Theorem I of part I

of the 1927 paper tells us that TT is the triangle every closed interior region

of which is a region of uniform convergence of the series.

We next consider uniform convergence of series (3) in the interval

O^x^x. For this it is evidently necessary that </>j(x3)=0. The following

theorem gives sufficient conditions for this convergence.

Theorem II. // x'-tyifa3) is analytic at every point inside TT, continuous

together with its first and second derivatives on TT, and zero at x, then the formal

series (3) converges uniformly to x^tpifa3) inside and on Tr.

Since the method of proof is similar to that of Theorem I, we shall merely

indicate the more important relations. Integrating by parts twice, we obtain

*i"-1<f>i(:*:,)5s[pi*(x — x)]dx =   I    4'i(x)82[pik(ir — x)]dx/pa,
J o J o

where \pi(x) = (d2/dx2)[xi~l<pi(x3)] is analytic at every interior point of TT

and continuous on Tr. Also \pi(—o)3x) = (—ws)^(x) and xpi(—u2x)

= ( — o}2)'\¡/i(x).   Hence

*Ward,loc. cit., p. 719(2).
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1     xi-l<¡>i(x3)53[pik(ir — x) \dx
Jo

ir r~Tli r*
-7\Si(pikTr)   I ^i(ac) e'^dx + e^"'"T  I       i/»<(x)e""a!da:
PikL •' 0 «^ -«72

i/'i(a;)e',i*Idx + (- ü>2)i+V""'lT | ^,(ac) e'^dac   .
-t/2 J -tI2 J

Consequently

f   ««-^(«Oíitpítíx - *)R>
•z n

< Ifx/pî», I a« I < Jf I ff—«*- I /(Ap4*),

and |a<tS¿(pitíe) | <3M/(hp]k) if ac is within or on TV. Since \/p]k is the

general term of a convergent series of positive constants, this completes the

proof.

Finally, we note that necessary conditions for the triangle of convergence

to contain x as an interior point are that (d3n/dx3n) [ac<_1#i(ac3) ] vanish at

ac = x for n = 0, 1, 2, • • • . This fact and the above theorems enable us to state

in most cases exactly the triangle of uniform convergence of the series (1)

associated with a given analytic function. They fail to give us this informa-

tion in case the parts aci-1<pj(ac3) of/(ac) have all their singularities at exterior

points of TT and at the same time (d3n/dx3n) [ac<-l<£i(ac3) ] vanish at ac = x for

« = 0, 1, 2, • • ■ , and t = l, 2, 3; but we can say in such a case that the region

of uniform convergence contains Tr.

4. Differentiation and integration of formal series. Inasmuch as the

formal series (3) converge uniformly and their terms are analytic functions,

differentiation term by term at any interior point of the region of uniform

convergence is permissible, and the derived series will converge uniformly

to the derived function. In this section we enquire whether if the series is

differentiated term by term a number of times which is a multiple of three,

the derived series will be the formal series of the derived function. It is

clear in the case of series (4) that the third derived series are not the formal

series of the third derived functions.

Theorem III. // ac<_1<pi(ac3) is analytic in some closed region of which ac = 0

is an interior point, and has on the interval 0 g x = x a continuous fifth deriva-

tive, then a necessary and sufficient condition that the third derived series for

this function be the formal series for the third derivative of the function is

0,-(ir8)=O.

The series for the given function being 2^,°¡=1aikUik(x), the third derived
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series is —^,1=xaikPikuiÁx) ■ Let us denote by bik the Ath coefficient in the

formal series for the third derivative of the given function.  Then

CT    d3
Trbik8i-x(pikTr) = —-[xi~l<l>i(x3)]8Apik(ir - x)]dx.

J0    dx3

The requirement that the given function have a continuous fifth derivative

on the interval (0, x) is made so that we may be sure that the formal series

for the third derivative of this function converges to that third derivative.

Integrating by parts three times and making use of the formula for aik

gives
2 3

irbik8i-x(pikTr) = 3pikiri-'i<bi(ir3) — irpikaik8i-.x(pikir),

from which the truth of the theorem is clear.

Since the formal series (3) converge uniformly in some region surrounding

x = 0, term-by-term integration along a simple curve lying within the region

is admissible. We enquire whether, if the three-fold integral of Uik(x) is

taken as — Uik(x)/p%, the thrice integrated series will be the formal series

of any function, and in case it is, of what function.

On integrating (3) we get

/• X 00

I     ^-^(ñdt = -   J^aik^i+^pikx) - 5í+i(0)]/p¿*
•'o *=i

/»I 00

I    ti-l4>i(t3)dt + Cxi=—   Y^aiái+x(pikx)/pik,
" 0 k=X

where CH= —8i+i(0)¿2k=.iaik/pih.   Two more integrations yield

I      I     ¿-^(ñdtdrds + Cux2/2 + C2ix + C3i = -   X)a««.*(^)/p'*,
0     «'O     •' 0 *—1

or

where C2i = ô<+2(0)X!r=i<Wp<* and C3i= -ô\(0)X)r=i<WpL

x) =  \      I      I    t^cbi^dtdrds
J 0      " 0      * 0

<?(

and expand <p(x)+Ci¡a;2/2+C2¡x-|-C3i in formal series.    Since Cn = Cl2 = C2i

= C23 = C32 = C33 = 0, the formal expansion is of the form

00

(6) <b(x) + CxiX2/2 + C2ix + C3i =   £*«««(*)»
k=X

where
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Tbik8i-i(pikir) =  f    [<t>(x) + Ci,ac2/2 + C2iac + C3<]53[p,*(x - x)]dx,
J o

and this series converges uniformly to the function which gave rise to it.

Three integrations by parts give us

(7)   x&,tài_i(p,-*x) = 3[<¿>(x) + Ci<x2/2 + C2<x + C3i]/pik — iraikôi-i(pikT)/pik.

We shall now evaluate those C's which are not given above as being zero.

Placing ac = 0 and i = l in (6) gives C3i = 3^1=i&<*.  But when i = l, (7) is

wôi*53(piix) = 3[<t>(ir) + C3i]/pu — iraU;53(piA;x)/piil.

Hence, eliminating bik,

«   [3{4>W+C3i}      aikl
81 =   ^   ~-71—^-^

¿t=i L   Tpiko3(pikir) Pi*J

9     »   <Kx)+C3i   ,   _
= — *- ~~77—x+Csi-

T       t-1   Pl*03(.PlifcXj

Consequently
00

[<P(t) + Csi] 2ZV[piMput)] = 0.
t-1

Now the series (3/x)2r=i5i(pi*,ac)/[pu53(pux)] converges uniformly to

unity in every closed region within Tw. Hence, placing ac = 0, we have

x/9=2r=iVlpi*53(pi*7r)], and therefore C3i= — <p(x).

Similarly, differentiating (6) with i = 2 once and placing ac = 0 yields

Ga= — <p(x)/x, while differentiating twice with i =3 and placing ac = 0 yields

Ci3= — 20(x)/x2. Hence, placing these results in (7), we have bik= —aik/plk.

This we sum up in

Theorem IV. // the formal series for x{-l(f>i(x3) be integrated term by term

three times with respect to ac, the resulting series is the formal series for

<t>(x) + CiiX2/2 + C2ix + C3i,

where

I      I    t'-^lt^dtdrds,  Cn - C12 = C« = C23 = C32 = C33 = 0,
o   J o   Jo

Ci3 = — 2<>(x)/x2,        C22 = — <£(x)/x,        Cn = — <P(t)-

5.  Relations involving the coefficients.    This section is concerned with
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relations analogous to the Hurwitz theorem on the Fourier coefficients.*

If the series 'YJ\°=la3kU3k(x) converges uniformly to f(x) in Ogi^i, multi-

plying by/(x—x) and integrating from 0 to x yields

X

h

2la3k82(p3kTr) =    I    f(x)f(ic — x)dx.
k-x •'0

The series on the left hand side of this equation, however, will converge even

if the formal series for f(x) converges uniformly in an interval extending

from 0 to slightly beyond x/2, and thus arises the question as to whether its

sum is the same as when the interval of uniform convergence extends to x.

This and similar questions are answered in the following theorem.

Theorem V. If the formal series 2r=iöiA(p,i:2;) converges uniformly to

f(x) in the interval O^x^ x/2 + 8, where 8 is an arbitrary positive constant,f

then
00 /»    T       /* X /» *

(a) x J2axk83(pxkir)/pxk =   I f(x)f(ir — t)dtdsdx   if i = 1,
*=1 J 0     J r     J x

(b) ir 2-,a2k8x(p2kTr)/p2k =   J       I    f(x)f(r — s)dsdx if i = 2,
t=l J 0        J T

00 /»  T

(c) x J2a3k82(p3kir)   =   I    f(x)f(ir — x)dx if i = 3.
t-i Jo

The proofs of these are similar to one another, and for that reason we

present the proof of (b) only. From our hypothesis it follows that

^2k=xO<tk82[p2k(ir—s)] converges uniformly to f(ir—s) in the interval x/2

— 5 ¿ s ^ x.   Hence

/> r    /» x /* t oo /• x

I f(x)f(w — s)dsdx =    I     f(x)¿Z,a2k\    82[p2k(r — s)]dsdx
J T/2J  T J  T/2 *=1 •'   T

= /(*)  X   «2^3 [P2fc(*)]/P21b   d*
•J T/2 L t=l J
oo /• r

= 23 a2*  I   /(»OMpiftOr—*)]oVp2*-
fc=l «^ T/2

But, making use of (2) with i = 2, this becomes

/T      /* x oo i-

I    /(*)/(*" — s)dsdx =   X) °2*=   7ri2i5i(p2i;x)
j/2  •' I k=X L

-    I     /(x)ô3[p2*(x - x)]dx \/p2k

* Cf. Whittaker and Watson, Modern Analysis, second edition, §9.5.

t 5 can be made zero if the term-by-term twice derived series converges uniformly to f"(x) in

0â*âir/2.
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00

= x 2a2*5i(p2*?r)/p2* + (¡>2(ir/2)
*=i

oo p t/2

+   S «2* I      0(ac)52[p2*(x — ac)]dac,
*=i       J o

where <j>(x) =flf(s)ds. Also,

p t/2     p x

I I   /(*)/(* - i)dida;
J 0 ^ T

/•t/2        r    /»t/2 /• i -i

= J     /(*)| J     /(t - i)di + J   /(x - i)di| da;

« /» t/2 /» x

= - #2(x/2) +   2fl2t   I       52(p2*ac)  I    /(x - i)didac
k=l Jo J T/2

oo /» t/2

= - <£2(x/2) +   2~2 fl2* I      83(p2kx)f(ir — x)dx/p2k
k-l Jo

<ar /»t/2 -i

= — <P2(t/2) +   X fl2t   xa2*Si(p2ix) —   I     /(x)5j[p2t(x — a;)]da; L^pu

oo oo p t/2

= x 2-a2*8i(p2*x)/p2* — <¡>2(tt/2) —   ¿2 a2* I      /(*)53[p2t(x — ac)]dac/p2*.
Jfc-l ¡t-i        ''o

Hence

I      I    f(x)f(ir — s)dsdx = 2x ]£a2*5i(ps*x)/pi*
«^ 0        "   T fc=l

oo /• t/2

(8) +  2~2 a*k I       <>(ac)52[p2jfc(x — ac)]da;
*-i      «J o

oo /» t/2

—   2~1 atk I       /(ac)ás[p2t(x - x)]dx/p2k.
k=l J 0

We are now in a position to insert the series developments for/(ac) and <p(x)

since these converge uniformly in the interval over which we wish to inte-

grate.

We have

oo p t/2 oo 00

2 a2fe I      <p(ac)Ô2[p2jt(x — ac)]da; = —   22 au zZtoiCik/pti,
k-l J 0 k=l 1=1

where
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prIS

cih=  I     St(p2ix)82[pik(v — x)]dx;
Ja

and

• r/2« p w/2 oo oo

^2 fl2* I      /(ac)53[p2t(x — ac)]da;/p2* =   2~2 ö2t ]£a2¡¿i*/p2*,
k-l J 0 k-l 1-1

where
/»t/2

dik =   I      52(p2¡ac)53[p2»;(x — x)]dx.
Jo

(9)   Consider now the double series ^2kj=ia*ka2iCik/p2i.  Integration gives

2

cik = [p2k8i(ptiir/2)ô3(p2kir/2) + p2*P2¡52(p2¡x/2)5i(p2ix/2)

and ckk = xSi(pi¡ix)/2 — 8l(p2kir/2)/p2k.   Now

+ p2¡o'i(p2¡x/2)á2(p2¡fcx/2)]/(p2fc — p2j)  if l t* 4,

I SKP2IX/2) | < 3e™*l*.

Hence

l        I   ^   r.   , s   I,    P2* + P2fcP2i + P2J
\cik\< 9e("2'+'2*)T/4-

I P\k - P\i I

= 9e<'«+'">/y | p2k-p2i | if l*k.

Also
|c*t| < Ae'*"2,

where A is independent of 4.  Hence

I cn | < ge<',«+P2*)T/4

where 4 and / are not necessarily different and g is independent of 4 and /.

Furthermore,

I a2*| < me-"*xi'2,

where t/2<Xi<t/2 + 8 and m and *i are independent of 4.* Hence

I a2ka2icik/p2l | < fK2ge<',"+',»)<,r/4-I>/2>.

This is recognized as the general term of a convergent double series. Hence

series (9) converges absolutely.

* Ward, loc. cit., Lemma, p. 720.
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In the same way the double series 2Zi"_i02*a2jáu/pst can be shown to

converge absolutely. We are justified, therefore, in summing series (9) first

over k and then over I and adding to the series in the o"s. This results in

QO

(10) ¿J a2ka2i(cki + dik)/p2k.
k.i-x

Now cki+dik = 0 or x5i(p¡¡tx) according as / is not or is equal to A, as is easily

shown by noting that

(11) cki + da=  I    53(p2¡*)52[p2t(x - x)]àx
Jo

and performing the indicated integration.

Hence the double series (10) reduces to the simple series i^,1=ia\h8i(p2kv)

/p2k, and this with (8) proves part (b).

We note that if the second derived series of the series of the theorem con-

verges uniformly to f"(x) in O^z^x, a simpler relation can be derived.

In fact, multiplying/"(x—x) =¿2k°=x<hkP2kaz[p2k(ir—x)] byf(x) and integrat-

ing from 0 to x gives

I    f(x)f"(* — x)dx = x 2a2*P2*Si(p2ix).
•'0 *-l

However, this relation is not in general true if the interval of uniform con-

vergence does not extend as far as x.

6. Determination of formal coefficients. The determination of the form-

al coefficients by rendering stationary certain integrals is of special interest in

the expansion problems here considered because the integrals are similar to

those of the preceding section.

Theorem VI.   Let f(x) be a function capable of development into series

(3) for a definite value of i.    If Sin(x) =¿Zí-x0ik8i(pikx) and Rin(x) =f(x)

—Sin(x), where n is regarded as a constant and the b's as independent variables,

then the following integrals have stationary values when the b's are equal to the

formal coefficients:

/• r    /• x     /» •

(a) I    Rn(x)Rn(v — t)dtdsdx   in case i = 1,

(b) I    Rn(x)Rn(r — s)dsdx in case i = 2,
Jo    Jx

(c) Rn(x)Rn(ir — x)dx in case i = 3.
Jo
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Again we shall give the proof of part (b) only, the proofs of the other

parts being very similar to it.  We have

/x p x p x    n

2?n(x — i)di =1     /(x — i)di —   I     2~2b2k82 [p2t(x — i)]di
j J r J r   k-l

= J   /(x- s)ds - Tn(x),

where 7\,(ac) =2^,k=ibik83[p2k(ir—x)]/p2k.   Hence, denoting by /„ the integral

to be rendered stationary,

In -   f*   f f(x)f(ir - i)didac -  f f(x)TAx)dx
Jo     Jt Jo

-  fT   f XSAx)f(*- s)dsdx+ f SAx)Tn(x)dx,
J 0     J r Jo

and

But

and

- = —    I     /(ac)—-—dac —   I       I ./(x — i)-didac
db2k Jo db2k Jo   Jr db2k

CT       dT„(x) r T dSn(x)
+        SA*)-—dx+ —^Tn(x)dx.

Jo db2k Jo       db2k

dSn(x)
-= o2(p2ia;)

db2k

dTn(x)
- = 83[p2k(ir — x)\/p2k.
db2k

Putting in these values and remembering (11) this becomes

dln r*
(12)-I    f(x)83[P2k(w - x)]dx/P2k

db2k Jo

—    I /(x — i)52(p2iac)didac + 2x¿»2*5i(p2tx)/p2t.
J 0   J r

But, by integration by parts,

pr     p x p v

/(x — s)h(p2kx)dsdx =        /(x — ac)53(p2*x)dx/p2*.
J o    J „ J 0
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Changing the variable of integration to x', where x' = v—x, and substituting

in (12) results in

= 2—1    /(*)53[p2*(x — x)]dx + irb2k8x(p2kir) \/p2k,
din

db2k

which, on comparison with (2), completes the proof.
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