SERIES ASSOCIATED WITH CERTAIN IRREGULAR
THIRD-ORDER BOUNDARY VALUE PROBLEMS*

BY
LEWIS E. WARD

1. Introduction. In a previous paperf the writer discussed the charac-
teristic functions of the differential system

W+ p%u =0, ulr) = u(— wor) = u(— wgwr) =0,

where w; =¢7/3 and w; =¢~"/?, and showed that these characteristic functions
fall naturally into three classes, denoted by uix(x), us(x), and wusi(x). It
was proved that if f(x) is a function which can be written in the form
1(2%) +x¢2(x3) +x2¢;(x%), where each ¢ represents a convergent power series
in 23 and is such that ¢, ¢, and ¢; have continuous second, third, and fourth
derivatives respectively in the interval 0 <x <} then f(x) can be expanded
in a series of these characteristic functions

(1) Z[alkulk(x) + aguar(x) + askuak(x)]’

k=1
the series converging uniformly to f(x) in the interior and on the boundary
of some equilateral triangle T centered at x=0, having one vertex on the
segment from O to 7, and lying inside the smallest of the circles of convergence
of the power series for the ¢’s.

The purposes of this paper are to consider the uniqueness of this expan-
sion, to extend the region of uniform convergence, to consider the differ-
entiation and the integration of the series, to prove certain relations involving
the coefficients, and to show how the coefficients may be obtained by
rendering stationary certain integrals.

2. Uniqueness of the expansion. The coefficients in the expansion (1),

* Various parts of this paper were presented to the Society on April 7, 1928, March 29, 1929,
and August 29, 1929; the paper was received by the editors October 23, 1929.

t Some third-order irregular boundary value problems, these Transactions, vol. 29 (1927), pp. 716~
745.

1 Ward, loc. cit., Theorem 1, p. 742. The continuity of the second derivatives only of ¢ and ¢;
is sufficient in the present case. The continuity of the higher derivatives was demanded in the the-
orem referred to because that theorem is based on Theorem 2, p. 730 of the same paper, in the proof
of which this continuity was useful in connection with the formal relations between the ¢’s of the
latter theorem. There need be no formal relations between the ¢’s of Theorem 1, p. 742, nor between

the ¢’s of the present paper.
544
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called the formal coefficients, aré obtained from certain orthogonality re-
lations, as is customary in expansion problems associated with differential
systems. Explicit formulas for them are

1 x
@ an = —— [ et Naloutr - Dar (=1,2,3)
wdi_1(pam) VY o
where
8;i() = et 4 (— wg)lent + (— we)lent, w1 = — 1, and 8;(f) = 8;45(8). *

The u;:(x) of the introduction are given by ux(x) = 8;(p;x).
It was shown in the paper referred to that each of the expansions

3) 2 aaua(x) = & 7i¢(a?) (6=1,2,3)
k=1
is valid in T,. Hence, taking three special cases,

0 e 0
(4) 1= Zblkuu,(x), X = szkuzk(x), x2 = Zbakusk(x) .

k=1 k=1 k=1
It is easily shown by straightforward computation that no one of the &’s is
zero, and that the triangle of uniform convergence T of each of these series
can have one vertex anywhere we choose to place it on the interval 0<x <.}

Since the terms of each of series (3) are analytic functions, the series may

be differentiated term by term as many times as we like. Differentiating
three times and making use of the fact that #/;’ = — phu.r(x), we obtain

(5) 0= D bupanu(x) (t=1,2,3).
k=1

Each of these series converges uniformly in and on 7. Adding series (5) for

i=1, 2, and 3 to series (1) produces a series

i[clkulk(x) + cortuar(x) + carmar(x)]
k=1

which converges uniformly to f(x) in and on the smaller of T, and T, and
has coefficients different from the formal coefficients.

Instead of expanding 1, x, and #2, as in (4), we may expand p,(x3),
xps(x3), and x2p;(x?), where the p’s are polynomials in #3, and, by differ-

* See p. 720 of my former paper, already referred to, for other formulas for the & functions, and
p. 741 for the pss.

+ We shall use the notation T to represent equilateral triangles centered at =0 and having
one vertex on the positive axis of reals.
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entiating these the requisite number of times, obtain series converging uni-
formly to zero in and on T,. Adding these series to (1) produces still other
series of the type (1) converging uniformly to f(x) in and on the smaller of
T, and T, but having coefficients different from the formal coefficients.

It appears from the above that the expansion (1) is by no means unique,
there being infinitely many expansions of this type, all converging uniformly
to f(x) in a common triangle, which, in case the singularities of f(x) are all
more distant from the origin than =, has one vertex as close to = as we care
to place it. It is of interest to note the difference between this situation and
that which obtains with power series, in which the coefficients are unique
however small the circle of convergence, and with Fourier series, in which
the coefficients are unique if the series is made to converge to the given func-
tion over the interval (0, 27) except possibly at a finite number of points.
Of course, if the expansion (1) converges uniformly to f(x) in the interval
0=<x <, the coefficients are unique.

3. Extension of triangle of uniform convergence. Let us suppose that
one at least of the power series for the ¢’s fails to converge for x =a and that
all three series converge for |x|<|a|. Laying aside for the moment the
cases in which |a| =, let us suppose |a| <. Construct the circle |x|=|a],
and let x=>0 be the point where this circle cuts the axis of reals, 0<b< .
Let T, be the equilateral triangle with one.vertex at x=>5. Then it is known
that series (3) converge uniformly to the respective functions standing on
the right-hand sides of equations (3) in and on the boundary of every closed
region interior to 7,.* Let T, be the equilateral triangle with one side
through x=a, and T, the equilateral triangle with one vertex at =.

THEOREM 1. The formal series D y—jaiuin(x) comverges umiformly to
2-1p;(x3) in and on the boundary of every closed region interior to the smaller
of To and T,.

Let 2z be that vertex of T, which is on the positive axis of reals if that
vertex lies to the left of =, otherwise let z==. Choose y on this axis, 0<y<z.
We shall establish uniform convergence in the interval 0=x<a<y, from
which the theorem follows immediately.¥}

We examine the magnitudes of the coefficients ¢;:. We have

fo, 212383 [par(m — x) |dx = [j;v-i- f,,':l x-1¢(23)83[pir(r — x)]dx.

But

* Ward, loc. cit., Theorem I, p. 742.
+ Ward, loc. cit., Theorem II, p. 742.
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< 3M, I @3pik (T—V) I

I f 2 19,(2%)8s [par(x — x)]dx
v
where M, =max |x*~'¢,(x?) | on the interval 0sz <. Also

fyx‘-‘¢i(x8)53 lpir(r — x)]d=

v v
e«mkff 21 (x3) ekt dx — g eUrPikT f 27 1pi(x3)ewirzdx
0 0

v
— w3 eu,p.'u'f xs’—l¢‘.(x3) e~ Wspikzd x
0

v —way
= eulp;krf xi—l¢‘(x3) erikzd x + ( _— ws)i+280:piuf x"“¢.~(x’)e"*’dx
0 0
-y
+ (= wg)#Hrewrur f 27 pi(a%)eritadx
0

-yl v
= (o) f 21 (x) epiksdy - grrirT f x1g(x?) epirzdx
0

—-y/2

—way
+ (__ wa) i+2 gwapik T xi—1¢‘,(x3) erikzdx
-y/2
—Wsy
+ (_ wz)‘“ OPikT x“1¢.~(x’) ePskzdx .

—y/2

These changes in the paths of integration, which are all taken as straight
lines, can be made since the integrands are analytic functions of x inside of T.

Now 8;(p;xw) =0.* The changes in the integral were made so that this
fact could be used in showing that certain large portions of the integral
cancel one another. Each of the three integrals whose lower limits are —y/2
is sufficiently small to enable us to draw the desired conclusions about the
coefficients. In fact, at no point of the paths of integration does the ex-
ponential factor take on an absolute value greater than its absolute value
at the upper limit. Hence

—wiy
l 1 1g(x%)ertadx| < 3wMy|eowirv| /2,
-v/2

where M,=max |4*~!¢;(*?) | in and on the equilateral triangle centered at
x2=0 and having one vertex at the point x=y. Hence

* Ward, loc. cit., p. 741.
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f 2 19:(1%)8s [pu(r — x)]dx| < M| eweir(=v)| |
0

where M has an obvious constant value.
Since

| 8i(parm) | > k| ewsesrm| if &5 j*,
where % is independent of %, we have
| @ | < M| eewirv|/k.
If now « is restricted to the interval 0 <x<a <y, we shall have
| aisdi(pinx) | < 3M | erix==w) | /1y
< 3M | eweirav) |/} (i=1,2,3).

This last expression, however, is the general term of a convergent series of
positive constants. Consequently the series mentioned in the theorem con-
verges to a function of x analytic at every point interior to the smaller of
T, and T,. But it is known to converge to x~'¢;(x?) at every point interior
to Ts. Hence, in view of the fact that xi~1¢,(x3) is analytic at every interior
point of T, the series converges uniformly to this function in and on the
boundary of every closed region entirely within the smaller of T, and T..

If |a | ==, the triangle T, coincides with T., and Theorem I of part I
of the 1927 paper tells us that T, is the triangle every closed interior region
of which is a region of uniform convergence of the series.

We next consider uniform convergence of series (3) in the interval
0<x=<w. For this it is evidently necessary that ¢,(x3)=0. The following
theorem gives sufficient conditions for this convergence.

THEOREM II. If xi-'¢;(x3) is analytic at every point inside T, continuous
together with its first and second derivatives on T, and zero at =, then the formal
series (3) converges uniformly to x*~'¢;(x?) inside and on T,.

Since the method of proof is similar to that of Theorem I, we shall merely
indicate the more important relations. Integrating by parts twice, we obtain

f'x“lcb.'(x"")&s[p;k(w — x)]dz = f‘%(x)az[mk(ﬂ — 2)]da/pls,
0 0

where y.(x) = (d?/dx?) [x~'¢.(x?)] is analytic at every interior point of T,
and continuous on T,. Also Yi(—wx)=(—ws)Wi(x) and Y,(—wx)
= (—wq)Yi(x). Hence

* Ward, loc. cit., p. 719 (2).
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T
f = 1¢i(23)8s[pir(r — x) [dx
0

l —x/2 .
= —_2[65‘(19;'];11') f ‘l’:(x) ePikzd x + ewrpikT !/'s(x)e"'"dx
0

Pik —x/2

+ (= wg)iH2gmear f Vilm)erndz 4 (— wn)+remeier vilx) e»-'udx].

—x/2 —x/2

Consequently

< MW/P%IH l aikl < Ml e—“w"k"/(hp%k)’

f T pur — #))dx
0

and |aidi(oirx) | <3M/(hpl) if x is within or on T,. Since 1/p% is the
general term of a convergent series of positive constants, this completes the
proof.

Finally, we note that necessary conditions for the triangle of convergence
to contain = as an interior point are that (d3"/dx3")[x*~1¢;(x?)] vanish at
x=wforn=0,1,2, .. This fact and the above theorems enable us to state
in most cases exactly the triangle of uniform convergence of the series (1)
associated with a given analytic function. They fail to give us this informa-
tion in case the parts x*~'¢;(x?) of f(x) have all their singularities at exterior
points of T, and at the same time (d3"/dx%") [x*~1¢;(x®)] vanish at x=r for
n=0,1,2,---,and =1, 2, 3; but we can say in such a case that the region
of uniform convergence contains 7.

4. Differentiation and integration of formal series. Inasmuch as the
formal series (3) converge uniformly and their terms are analytic functions,
differentiation term by term at any interior point of the region of uniform
convergence is permissible, and the derived series will converge uniformly
to the derived function. In this section we enquire whether if the series is
differentiated term by term a number of times which is a multiple of three,
the derived series will bé the formal series of the derived function. It is
clear in the case of series (4) that the third derived series are not the formal
series of the third derived functions.

THEOREM III. If x~1¢.(x®) is analytic in some closed region of which x =0
is an interior point, and has on the interval 0Sx < v a continuous fifth deriva-
tive, then a mecessary and sufficient condition that the third derived series for
this function be the formal series for the third derivative of the function is
¢i(7?) =0.

The series for the given function being Y %_ a:ui(%), the third derived
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series is —2_ p_@apiui(x). Let us denote by by the kth coefficient in the
formal series for the third derivative of the given function. Then

x ds
whadi1(pam) = f ‘d—x';[xi_ld’i(xa)]as[r’ik("r — x)]d=.
0

The requirement that the given function have a continuous fifth derivative

on the interval (0, =) is made so that we may be sure that the formal series

for the third derivative of this function converges to that third derivative.
Integrating by parts three times and making use of the formula for a::

gives
wbudi1(pam) = 3pnmloi(n%) — mpiraudi_i(par),
from which the truth of the theorem is clear.

Since the formal series (3) converge uniformly in some region surrounding
x=0, term-by-term integration along a simple curve lying within the region
is admissible. We enquire whether, if the three-fold integral of u..(x) is
taken as —u;(x)/p%, the thrice integrated series will be the formal series
of any function, and in case it is, of what function.

On integrating (3) we get

f 119,(0)dt = — D au[diua(par) — 6:41(0)]/pi
0 k=1

or
f t-1¢y(83)dt + Cry = — Zaik5i+1(pikx)/mk,
0

k=1

where Cpi= —8:41(0)>_ s-1a:+/piz- Two more integrations yield

f f f t"‘da.-(t“)dtdrds + C1.~x2/2 4 Copx +C3s = — Za;kuu,(x)/p:k,
[} 0 0

k=1

where Ca;=08:12(0)) 5-1a:%/, pfk and Cs;i= — 8,02 7= 10:1/ 03

Now call
o(x) = f f f 11¢(¢3)dtdrds
0 0 0

and expand ¢(x) +Crix?/2+4Cex+Cs; in formal series. Since Cu=Cr=Cn
=Cy=Cs=Cs=0, the formal expansion is of the form

{6) o(x) + C1ix¥/2 4 Coix + Cys = Zbikuik(x),

k=1

where
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wbadia(par) = f [¢(%) + C1%2/2 + Caix + Cs;)8s[pir(x — 2)]dx,
0

and this series converges uniformly to the function which gave rise to it.
Three integrations by parts give us

(1) wbadimr(pirm) = 3[¢(x) + Craw?/2 + Coiw + Csi]/pix — waudizi(pirr)/, P:k-

We shall now evaluate those C’s which are not given above as being zero.
Placing x=0 and =1 in (6) gives Csi=3D_ s=1bix. But when i=1, (7) is

wbuds(pur) = 3[¢(x) + Carl/p1x — wandslpuem)/, P:k.

Hence, eliminating by,

Ca=32,

k=1

= [3{¢(7r) + Ca} alk]
‘wp1ds(prim) pik
¢(1|')+ Ca

9 0
= — + Css.
T kz-:l p1xds(priw) *

Consequently
[6(m) + Cu] 21/ [p1sds(puem)] = 0.
k=1

Now the series (3/7))_ 5-18:(p1x)/ [p1ds(p1em)] converges uniformly to
unity in every closed region within 7.. Hence, placing x=0, we have
7/9=2 " -11/[p1x8s(p1z) ], and therefore Cs = — ().

Similarly, differentiating (6) with ¢=2 once and placing x=0 yields
Cu= —¢(7)/m, while differentiating twice with =3 and placing x =0 yields
Cu= —2¢(x)/=* Hence, placing these results in (7), we have b;,= —a/p},.
This we sum up in

THEOREM IV. If the formal series for x'~1¢;(x?) be integrated term by term
three times with respect to x, the resulting series is the formal series for

¢(x) + Clix2/2 + Caix + Csq,

where
(%) =f f f t-1¢;(t3)dtdrds, Ciy = C12 = Ca1 = Ca3 = C3p = Cy3 = 0,
0o Yo Yo

Cis = — 26(m)/?, Cun= —o(x)/m, Cu= —¢(r).

5. Relations involving the coefficients. This section is concerned with
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relations analogous to the Hurwitz theorem on the Fourier coefficients.*
If the series ) 5 asiusi:(x) converges uniformly to f(x) in 0<x <, multi-
plying by f(=—x) and integrating from 0 to = yields

x Sabintour) = [ f)ftr — 2.

k=1
The series on the left hand side of this equation, however, will converge even
if the formal series for f(x) converges uniformly in an interval extending
from 0 to slightly beyond /2, and thus arises the question as to whether its
sum is the same as when the interval of uniform convergence extends to =.
This and similar questions are answered in the following theorem.

THEOREM V. If the formal series D s— a:xd:(0ixx) converges uniformly to
f(x) in the interval 0<x<m/2485, where & is an arbitrary positive constant,t
then
(@ = Za:kés(pm)/;lk =f f f f(x)f(w — t)dtdsdx if i =1,

0 x x

k=1

® e on = [ [ e - gasis ifi=2,

k=1

(c) T f_‘,a;k&z(paw) = foff(x)j(r — x)dx if 1= 3.

k=1
The proofs of these are similar to one another, and for that reason we
present the proof of (b) only. From our hypothesis it follows that
> #=102:02[p2x(w—s)] converges uniformly to f(r—s) in the interval =/2
—0=<s=<w. Hence

j:/:f:f(x)f(r — s)dsdx = j:;f(x) éaak f:ag[p,k(r — 5)]dsdx
= j;'[f(x) i 02k5a[mk(x)]/p2k]dx

/2 k=1

= 3 an [ 10 pastr— ) |45/ pns.

k=1 */2
But, making use of (2) with =2, this becomes

f'; ﬁz f(x)f(x — s)dsdx = i as [wagkal(pm)

k=1

/2
- f(2)83[par(r — x)]dx]/pz,,

0

* Cf. Whittaker and Watson, Modern Analysis, second edition, §9.5.
1 & can be made zero if the term-by-term twice derived series converges uniformly to f’/(x) in
0=Zx=x/2.
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=7 Ea;lﬁﬂpzkﬂ’)/ pa + ¢*(w/2)
kel
/2

+ i Aok ¢(x)5z[P2k(1f - x)]dxr

k=1 []

where ¢(x) =, f(s)ds. Also,

fo " f o) f(r — $)dsds

j;'/}(x)[ f:mf(w — s)ds + zf(,.- - s)ds:l dx

/2

© /2 z
— ¢%(x/2) + Eau j; 82(paxx) f f(x — s)dsdx

/2

/2

= — ¢*x/2) + gau fo 83(pu)f(r — x)dx/pans

L) /2
- ¢2(7"/ 2) + Z A2k [Tazk51(P2k1l') - f(x)sa [Pu(r - %) ]dx]/pzk
kw1 0

o [ /2
= kz_:a;k51(92k1l’)/ poax — ¢ x/2) — D am f(%)83[par(x — x)]1dx/pax.
Hence

fo [ s~ isdz = 2x Xkt ouse)/ ou

k=1

@ /2 )
(8 + X an j; &(x)8:[por(x — x)]dx

k=1

0 /2
- Zazkj; f(x)5a[pak(r - x)]dx/Pwe-

k=1

We are now in a position to insert the series developments for f(x) and ¢(x)
since these converge uniformly in the interval over which we wish to inte-
grate.

We have

0 /2 0 ©
> an f d(2)d2[pa(r — B)]dx = — 3 @z 2 aucu/pu,
0

k=1 k=1 l=1

where
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o = f 'I‘}a(pzzi‘)&[mk(‘l' — x)]d=;
0

and

© r/2 3 0
2 on f f(2)8s[par(x — 2)1dx/ps = 2 ass 2 andun/pas,
=1 ° 1=1

=1

where

»/2
du = f Gz(pzzx)aa [pu(‘l‘ - x) ]dx.
.0

(9) Consider now the double series ) ;~;02:02:¢11/p21. Integration gives

Cie = [P;ﬁa(mm/ 2)83(p2x7/2) + perpaide(parr/2)81(paim/2)
+ pads(parm/2)d2(p2xn/2) )/ (oos — pu) if 1 5 E,
and Gy = wdu(pusm)/2~ 83 (pusr/2)/pas. Now
| 8:(pum/2) | < 3esurls,

Hence
2 + + .
|ei| < 9eloartouiria P2rT P2kP2iT P2l
I pgk - pgl I
= 90(p21+pu)r/4/| pat—pai ' oy
Also

I Cugl < herari2,
where % is independent-of 2. Hence
l G| < geloatenwid

where k and / are not necessarily different and g is independent of % and /.
Furthermore,

| aax | < me—pm=1/2)
where /2 <x,<7/2+6 and m and x, are independent of £.* Hence
l azkazlclk/le' < m?2gelertem) (x/4—a/2)

This is recognized as the general term of a convergent double series. Hence
series (9) converges absolutely.

* Ward, loc. cit., Lemma, p. 720.
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In the same way the double series E;}-lazgag;du/pu can be shown to
converge absolutely. We are justified, therefore, in summing series (9) first
over k and then over / and adding to the series in the d’s. This results in

(10) > auan(cr + dix)/pax.

k,le=l
Now cii+d1: =0 or 78,(pax) according as  is not or is equal to %, as is easily
shown by noting that

(11) e+ du = f 'Ba(pzzx)az[pzk(r — x)])dx
[}

and performing the indicated integration.

Hence the double series (10) reduces to the simple series 1, 5,581 (p2s)
/p2s, and this with (8) proves part (b).

We note that if the second derived series of the series of the theorem con-
verges uniformly to f’/(x) in 0<x<w, a simpler relation can be derived.
In fact, multiplying f'/(7 —x) =D 5102402405 [p2x(7 —x) ] by f(x) and integrat-
ing from O to = gives

'f(x)f”(r —x)dx =7 ga:kp;kal(szr)-

However, this relation is not in general true if the interval of uniform con-
vergence does not extend as far as =.

6. Determination of formal coefficients. The determination of the form-
al coefficients by rendering stationary certain integrals is of special interest in
the expansion problems here considered because the integrals are similar to
those of the preceding section.

THEOREM VI. Let f(x) be a function capable of development into series
(3) for a definite value of i. If Sin(x) =2 p-ibirdi(pssx) and Ria(x) =f(x)
—Sin(x), where n is regarded as a constant and the b’s as independent variables,
then the following integrals have stationary values when the b’s are equal to the
formal coefficients:

(a) f f f R.(2)R.(x — t)dtdsdx in case i =1,
0 4 x

(b) f ‘ f R, (x)Ru(w — s)dsdx incase i = 2,
0 r

(c) f R.(x)R.(x — x)dx incase i = 3.
0



556 L. E. WARD [July

Again we shall give the proof of part (b) only, the proofs of the other
parts being very similar to it. We have

T k=l

f zR,,(r — 5)ds = f ) flz — s)ds — ) Z”:bzkaz [oox(x — 5)]ds

= fzf(r — §)ds — Tu(%),

where T.(x) =>4 -1b2x83[p2i(m —x)]/p2r. Hence, denoting by I, the integral
to be rendered stationary,

I, = j: f: f(x)f(x — s)dsdx —j;'f(x)T,.(x)dx

_ fo ) L “Sa(@)f(r — s)dsdz + j:) Su () Ta(®)dz,

and
oI, L 9T (%) f* f= 0S,(x)
= - dx — - dsd
1298 j:) f) 3bax ? 0 *,f(zr ) 1298 o
T ATl (%) f’w 9Sa(x)
Sa d T.(x)dx.
+ f e R X
But
0Sa(x) 52(p2es)
Obar = 02\ p2kX,
and )
T,
L 83[par(r — x)]/p2s.
b2

Putting in these values and remembering (11) this becomes

aIn
b

(12 = — [ r@nloute = s/
- f' fzf(ﬂ' — 5)85(par)dsdx + Zﬂ‘bzkﬁl(pzk‘n’)/mk.

But, by integration by parts,

j: f:f(r — 5)d:(parx)dsdx = j;’f(" — %)85(pakx)dx/ pak.
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Changing the variable of integration to x, where x’ = —x, and substituting
in (12) results in
al,

P 2 [— j; ) f(®)8s[par(x — x)]dx + rbzkﬁ(ﬂzkf)] /P2,

which, on comparison with (2), completes the proof.

UNIVERSITY OF Iowa,
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